[February space of continuous complex-valued functions which "vanish at infinity"). Thus (1) is satisfied. By Proposition 1 of [7] , (2) is satisfied. M(G) has a unit; consequently (3) holds.
For x in G let ex be the Dirac measure at x, and let Gs be the set of all Dirac measures in M(G). GEa is homeomorphic to G where a is the relative o(M(G), C0(G))-topology. Let Fbe the complex numbers of absolute value 1. By Proposition 3 of [7] , TGe = S\ and an easy calculation shows that (4) is satisfied. If G is compact, then, since Gl is homeomorphic to G and T is compact, it follows that Ss is <j(M(G), C0(C7))-compact and hence <r(M(G), C0(G))-closed. If G is not compact, let C7°° be the one point compactification of G. If (xj : je J) is a net in G"° which converges to co, then /(xy)-> 0 for each / in C0(G) so that eXj_Z>Q. Thus the mapping xh> ex has a continuous extension to G°° and this extension is one-one and therefore a homeomorphism of G" onto G£ u {0}. Thus TGe u {0} = SS u {0} is a(M(G), C0(G))-compact and hence <r(M(G), C0(G))-closed. Thus (5) is satisfied.
We now show that (6) is satisfied. For this let p be the linear functional on M(G) defined by p(ix)=jx(G). It follows easily that p is multiplicative. Note that Gs = {fi e Se : p(fx)=l}. Thus, choosing/"
(the complex conjugate of/) for g, (i) is satisfied, (ii) is satisfied since C0(G) is an algebra.
We now prove the direct statements of the theorem. We shall divide the proof into a number of assertions.
I. A has a unit u; u e Ss and S£ is a group. Since A is the dual of a Banach space, Ss is not empty. Let x e Se. Then by (4) the mapping Tx defined by Txy=xy is an isometry of A onto itself, hence T;1 exists and is an isometry. Put u = Tx1x; it follows that u is a left unit, and it is easily seen using (3) that u is a unit and |Jm|| = 1. Kakutani has shown that the unit of a Banach algebra is necessarily in Se. To show that Se is a group it suffices to show that if x e A, and the mapping Tx: y t-> xy is an isometry of A onto itself, then x e Ss. For this, suppose that y, z e S and x=ay+(l -a)z, 0<a< 1. Then u = aTx1y + (l-a)Tx~1z. Since Tx is an isometry, F"1 is also an isometry, consequently Tx1y, Tx1z e S, and since u e SE, we therefore have y=z=x.
II. For any x e Ss,p(x)~ =p(x~1) and \p(x)\ = 1. Since p is a multiplicative linear functional on a Banach algebra with a unit w, we have p(u)= 1 and ||/j|| = 1. Let xeSs. Then |/>(x)|^l, and, since x~1eSe,
and therefore p{x)= p(x'1).
We now topologize G with the relative a(A, E)-topology and, with respect to this topology, show that G is a locally compact group.
III. G is a locally compact group and, if Se is a(A, F)-closed, G is compact. Let Fbe the complex numbers of absolute value 1, and consider the mapping g of Fx G into S£ defined by g(a, x) = ax. It is easily verified that this mapping is one-one and onto. Let S% be Se taken with the relative a{A, £)-topology. Since g is the restriction to Tx G of the mapping (a, x) -> ax of C x A" -> Aa, it follows that g is continuous. It is easily verified that g is open, and consequently a homeomorphism of Tx G onto S£a. By (5) S£ u {0} is a(A, £)-closed, consequently, since S is a(A, £)-compact, S£ u {0} is a{A, £)-compact. Therefore S£c is locally compact. Since Tx G is homeomorphic to S£0, G is locally compact. Clearly if S£ is a(A, inclosed then G is compact. By (2) multiplication is a(A, £)-continuous in each variable separately so, by a theorem of Ellis [3], G is a locally compact group.
For fe £, let /be the function on G defined by f{x) = x{f).
IV. /i->/is a norm decreasing linear mapping of E into C0(G). It is clear that this mapping is linear and, since ||x|j^l for x in G, we have I fix) I ^ || /1| so that || /1| g || /1|. Note that/is continuous. To show that/is in C0(G), first note that if S£a is compact then G is compact so that C0(G) = C(G). If G is not compact then Ss is not compact, so that 0 is a a(A, £)-adherence point of SE (since S£ u {0} is a(A, £)-compact). Now let £>0 be given and suppose /^0. Clearly U={x e A : \x(f)\<e} n (Se u {0}) is an open a(A, £)-neighborhood of 0 in S€ u {0} so that W=SS\U is compact in Ss. Since Fx G is homeomorphic to Se, g~l{W) is compact in TxG. Let K be the image of g'1(W) by the projection mapping TxG G, then K is compact in G. Thus for /e£, we have found a compact set K such that |/(x)| < e for x $ K because G\K^ U.
V. Let £ be the image of £ in C0(G) under the mapping f^f. E is dense in
If for x,ye G,f(x)=f(y) for all fe £, then x(f)=y(f) for all/e £; hence x=y, so that £ separates the points of G. If x e G, then x ^ 0, so there is an/e £ such that x(/)^0, i.e., /(x)#0. Thus, given x e C7, we can find an fe £ such that /(x)^0. Further, for any fe E, by (6)(i), there is a g e E such that x(g) = x(f)~ ; i.e., £(x) =/(x)~ for all x e C7. By (6)(ii), £ is a subalgebra of C0(G). Thus £ is a subalgebra of C0(G) which separates the points of G, does not vanish at any point of G, and is closed under complex conjugation; hence the Stone-Weierstrass theorem applies, and we may conclude that £ is dense in C0(C7). Let 6 be the adjoint of the mapping of /k>/, i.e., #/".(/) = /x(/) for /x e C0(C7)' = M(G) and/e £ Note that 6sx = x, so that by the linearity of 6 we have VI. 6 is a norm decreasing one-one linear mapping of M(G) into A, and 6 is continuous as a mapping of M(G)!7 into Aa.
This follows from IV, V, and the general properties of adjoint mappings.
Let SM be the unit ball of M(G).
VII. (SM)" is homeomorphic to Sa, and 6 is an isometry of M(G) onto A. Since (S*),, is compact, and 8 is one-one and continuous, to prove the first assertion, it suffices to show that 6(SM) = S. By VI, 6(SM) £S so it suffices to show that 8(SM) 2 5. For this let x e S, then since S is convex and ct(^, £)-compact, the
C0(G). (*)
Krein-Milman theorem [1, Chapitre 2] applies and there is a net (x, : jeJ) such thatx, "> xandxy=2i"ii ßu*u> where za'=i au= 1> >0 and the xtJ are extreme points of the unit ball in A. Putting yij=xUi/p{xu,), we have yUj e G for any Considering fi/=2?ii ß|,y/>(*u)evu we see tr,at Pi's an element of the unit ball SM of M(G) for each j and 7>,=Xj by (*). Since SM is <r(A/(G), C0(G))-compact, there is a it e 5M and there is a subnet £ (ft,) such that ttJ(i) it. Since 0 is continuous as a map of M(G)" into ^ we have that 0it;(i)_!> 0/t. (x,(1)) s (x,), and ö/tJ(j)=xy(i)_^.x, it follows that 0p = x. This shows 0 maps SM onto 5 and hence is a homeomdrphism because SM and S are compact. Hence 0 maps A/(G) onto A.
To show that 0 is an isometry suppose there is a it e A/(G) such that ||0it|| < |jit|j. Since SM is mapped onto S and 0 is one-to-one, Thus \\n\\ = ||0-10it|| g |!0it|| < Iit||, a contradiction.
Finally in order to show that A is isometric and isomorphic to M(G), we have to show the following: VIII. For ft, Ae M{G), 0(it * X)=8p0X. Thus A is isometric and isomorphic to A/(G). The uniqueness of G is a consequence of Theorem 1 of [7] .
We now examine those Banach algebras which satisfy conditions (l)- (5) of Theorem 1. We begin with some preliminary results. The following proposition is due to Greenleaf, and has appeared in [4] in a less general form.
Proposition
1. Let E be a Banach space and let n be a <j(E', E)-closed subspace of the dual E' of E. Let tt be the canonical mapping E' -> E'/N; then tt maps the unit ball of E' onto the unit ball of E'/N. is then norm bounded and therefore contained in a cr(E', F)-compact subset of E'. Thus there is a y e E" and a subsequence (xm) £ (xy) such that xm_l>y. Since A and hence x + N are o-(£", F)-closed, yex + N and therefore 7r(y) = 7r(x). Since the norm is o-(E', E) lower semicontinuous, we have || _y || ^lim inf \xm\ ^ ||tt(x)|| ^ 1. Thus for each element tt(x) of the unit ball of E'/N there is an element y of the unit ball of E' such that Tr(y) = Tr(x).
The next proposition is also due to Greenleaf [4] in the case where G is a compact group. It should be noted that our proof is new and somewhat simpler than his. Proof. Let S and Se be as in Theorem 1, and take G to be S£, then G is a locally compact group (see the proof of Theorem 1). For fin E, let /be the function on G given by f(x) = x(f). Then/n-/is a norm decreasing linear mapping of Finto C0(G) (see the proof of IV in Theorem 1). Let 9 be the adjoint of/m*/, then we have that 8 is a norm decreasing and continuous linear mapping of M(G)" onto A". The arguments to show that 8{jx * A) = fytöA and 6(SM) = S are similar (and easier) than those
